Abstract. In this note we show the asymptotic axisymmetry of subsonic traveling waves of finite energy to the Gross-Pitaevskii equation. In particular, using a new Hamiltonian identity, we prove that the momentum in the orthogonal directions must vanish.
Introduction
This note is concerned with the traveling wave solutions to the Gross-Pitaevskii equation
where Ψ is a complex-valued function. GP equation appears in many physical problems, such as: Bose-Einstein condensation, superconductivity, nonlinear optics, etc. We refer the reader to [4] and the references therein for more details about this subject. On a formal level, the Gross-Pitaevskii equation is Hamiltonian. The two important conserved Hamiltonians are: the so-called Ginzburg-Landau energy
and the momentum (up to a multiplicative constant of modulus one)
which play an important role in the asymptotic description of traveling waves of finite energy. If Ψ does not vanish, by using the Madelung transform, one may write
This leads to the hydrodynamic form of the equation
If one neglects the right-hand side of the second equation, which is often referred to as the quantum pressure, system (3) is similar to the Euler equation for a compressible fluid, with pressure law p(ρ) = ρ 2 . In particular, the speed of sound waves near the constant solution Ψ = 1 is given by
A traveling wave v for the Gross-Pitaevskii equation is a particular solution of equation (GP) of the form:
where x = (x 2 , . . . , x N ) denotes the vector of the last N − 1 variables of x in R N . The parameter c ∈ R is the speed of the traveling wave, which moves in direction x 1 (we may restrict to the case c ≥ 0 using complex conjugation). The equation for the profile v, which we will consider in the following, is given by
We note that, traveling waves conserve the Ginzburg-Landau energy and the momentum, namely: for each fixed t ∈ R,
and
We will denote the scalar momentum in direction x 1 (up to a multiplicative constant of modulus one) by
In this note we only consider the traveling waves of finite energy, i.e.,
The traveling waves of finite energy play an important role in the long time dynamics of the Gross-Pitaevskii equation. Whereas the one-dimensional case can be integrated explicitly, solutions are not explicitly known in higher dimensions. The first attempts to prove existence of traveling waves and to study their properties were based on formal expansions and numerics. Among them, Jones, Putterman and Roberts [14, 15] developed a thorough analysis in dimensions two and three: they found a branch of traveling waves with speeds c in the full subsonic range (0, √ 2), and they conjectured that there exist non-constant traveling waves of finite energy if and only if their speed c is in the subsonic range.
More recently, the program of Jones, Putterman and Roberts [14, 15] has been provided with rigorous mathematical proofs (see the article [4] to review some of these progresses). For example, the non-existence of non-constant supersonic traveling waves (i.e., c > √ 2) of finite energy in dimension N ≥ 2 in [9] , the non-existence of non-constant sonic traveling waves (i.e., c = √ 2) of finite energy in dimension two in [11] and the existence of non-constant axisymmetric traveling waves in [2, 1, 3, 5, 17, 16] . However, to our knowledge, their conjecture remains open. A number of open problems is also stressed in [4] , such as existence of traveling waves of finite energy to (TWc) for all values of speeds 0 < c < √ 2 in dimension two, and non-existence of sonic traveling waves of finite energy in dimension three. To solve these problems the study of asymptotic behaviours of traveling waves plays an important role. As showed in [10] and [11] the asymptotic behaviour of sonic traveling waves is much involved than in the subsonic case. In the following we only consider subsonic traveling waves of finite energy.
For subsonic traveling waves, i.e., 0 < c < √ 2, Jones, Putterman and Roberts [14, 15] did some formal computations and described the asymptotic behaviour of traveling waves of finite energy which are axisymmetric around axis x 1 . They computed their first order asymptotics (up to a multiplicative constant of modulus one) in dimension two:
, as |x| → +∞,
and in dimension three:
, as |x| → +∞.
Here, the real constant α is the stretched dipole coefficient linked to the GinzburgLandau energy E(v) and to the scalar momentum p(v), by the formulae
in dimension two, and
in dimension three. Recently Gravejat [12] proved rigorously formulae (7), (8), (9) and (10) in the axisymmetric case or in dimension two. Later on he [13] gave their first order asymptotics at infinity in the general case, which is the start point of our result.
Theorem A ( [13] ). Let N ≥ 2 and 0 < c < √ 2. Consider a travelling wave v of finite energy and of speed c for equation (TWc). There exists a complex number λ ∞ of modulus one and a smooth function v ∞ defined from the sphere S N −1 to R such that
Moreover, the function v ∞ is given by
where the constants α and β j are equal to
Remark 1. In a previous paper [12] Gravejat has conjectured that function v ∞ will have the form (12) (see Conjecture 1 of [12] ) and proved it in dimension two and in the axisymmetric case.
Remark 2. The study of the asymptotic behaviour of sonic traveling waves is much more involved than in the subsonic case. To our knowledge, the known result on the asymptotic behaviour of sonic traveling waves is their convergence at infinity towards a constant of modulus one in [11] .
Remark 3. If a traveling wave v is axisymmetric around axis x 1 , then it is an even function of each variable x j for 2 ≤ j ≤ N . Therefore, the functions v and ∂ xj v are respectively even and odd functions of each variable x j . By definition (5), the scalar momentum P j (v), and consequently the constant β j , vanish for every 2 ≤ j ≤ N .
Remark 4. By the proof of Corollary 1 in [12] , the stretched dipole coefficient α given in (13) is non-negative.
Remark 5.
There is an interesting question raised in the Remark 1 of [12] or Remark 3 of [13] : Is it possible to construct travelling waves v whose asymptotic behaviour correspond to any possible one given by Theorem A, or are there other restrictions for the possible asymptotic behaviours? Indeed, the existence of presumably axisymmetric traveling waves, for which the constants β j = 0 for all 2 ≤ j ≤ N , has been proved in Béthuel and Saut [2] , Béthuel, Gravejat and Saut [3] , Béthuel, Orlandi and Smets [1] , Chiron [5] and Mariş [17] by using variational method, and in Lin and Wei [16] by using a perturbative approach.
In this note we give an answer to the above question by proving that the constants β j = 0, 2 ≤ j ≤ N , for all subsonic traveling waves of finite energy. This fact also implies that any subsonic traveling wave of finite energy is asymptotic axisymmetric. More precisely, we have the following result: Theorem 1.1. Let N ≥ 2 and 0 < c < √ 2. Then for any traveling wave v of finite energy and of speed c for equation (TWc),
As a consequence, v is asymptotically axisymmetric around axis x 1 . Namely, there exists a complex number λ ∞ of modulus one and a real number α such that
uniformly as |x| → +∞, where x = (x 2 , . . . , x N ) denotes the vector of the last N − 1 variables of x in R N . Moreover, the constant α is non-negative and equals to
Remark 6. Although the asymptotic axisymmetry of the traveling waves is proved in the above theorem, we do not know whether any traveling wave is axisymmetric. This raises an interesting question: does there exist non-axisymmetric traveling wave to the Gross-Pitaevskii equation?
Remark 7. In the following, we will always assume that
Indeed, if this is not the case, we can study the function λ −1 ∞ v instead of v because it is also a traveling wave of finite energy and of speed c satisfying equation (TWc).
As mentioned in [12] , one of the main interests of Theorem A and 1.1 is the sharpness of the decay exponent N − 1 at infinity they give. Actually, one can show that any subsonic traveling wave v such that the function
is bounded on R N for some σ > N − 1, must be a constant traveling wave by applying the following corollary of Theorem 1.1. It is easily seen that the following result is another application of Theorem 1.1. . In particular, it does not belong to
This last observation plays an important role in the variational argument of [3] for the construction of finite energy solutions to (TWc). It is proved in Corollary 2 of [4] in the axisymmetric case.
The proof of Corollary 1.2 is similar to the arguments in the proof of Corollary 1 in [12] . The only difference is that in [12] the axisymmetric condition on v is assumed, but here we can remove this condition by Theorem 1.1. So we omit its proof here. This note will be organized around the proof of Theorem 1.1. In Section 2, we introduce the Sobolev regularity and algebraic decay of subsonic traveling waves. In Section 3, we calculate a new Hamiltonian integral quantity for subsonic traveling waves to prove the scalar momentum P j (v) = 0 for all 2 ≤ j ≤ N and complete the proof of Theorem 1.1.
Preliminaries
In this section we recall some regularity and decay estimates of subsonic traveling waves of finite energy to equation (TWc), which will be used in the calculation of a new Hamiltonian integral quantity in the next section.
The first result is the local smoothness and the Sobolev regularity of subsonic traveling waves given in [10] , see also the articles of F. Béthuel and J.C. Saut [2] , of Béthuel, Gravejat and Saut [3] and of A. Farina [6] . It follows that the modulus ρ of v converges to 1 at infinity. In particular, there is some R 0 > 0 such that
Since the Ginzburg-Landau energy E(v) is finite, there is a lifting θ of v on B(0, R 0 ) c such that v = ρe iθ .
As in [12] we introduce a cut-off function
Then all the asymptotic estimates obtained in [10] are independent of the choice of R 0 and ψ. In particular, we have the following algebraic decay for the functions η and ∇(ψθ) given in [10, 12] . 
The proofs of Theorem A, Proposition 2.1 and Proposition 2.2 rely on a new formulation of equation (TWc) and the use of convolution equations, in particular on a careful analysis of the kernels they involve. For the details, we refer the reader to [10, 12] .
3. Proof of Theorem 1.1
Proof of Theorem 1.1. It is sufficient to prove that P j (v) = 0 for all 2 ≤ j ≤ N . First of all, by Proposition 2.2 the momentum P (v) in (5) is well-defined. Secondly for 2 ≤ j ≤ N we define a new Hamiltonian integral quantity:
which was also used in [8] to show the axial symmetry of steady state solutions of nonlinear Schrödinger equations. (This type of Hamiltonian identities was due to Gui [7] .) By Proposition 2.2 it is well-defined for any x 1 ∈ R. By Proposition 2.1, using integration by parts and equation (TWc), we can get
Here, for j = 2, . . . , N , we define
Applying Proposition 2.2 again, H j (v, x 1 ) is well-defined for all x 1 ∈ R. By Proposition 2.1, using integration by parts and equation (TWc), one can get
Note that
Hence
By the decay estimates in Proposition 2.2 we get
Then, by (19) and (24) we have
Integrating the above equality on R and applying Proposition 2.2, we get
Therefore, we get β j = 0 for all 2 ≤ j ≤ N by formula (14) and complete the proof.
